We present the Weyl-Wigner (WW) transform theory in a much more compact way than usual, by introducing the basis in an intrinsic form. This permits the derivation of new identities and also leads to generalizations, like the inclusion of ÿnite-dimensional systems in the WW theory, which is also discussed. We show, in this case, some striking di erences in the structure of ÿnite phase space depending on the underlying dimension of quantum space being an even or odd integer.
Introduction
The Weyl-Wigner (WW) formalism introduced ÿrst by Weyl in the early years of quantum theory has become, since then, a very powerful mathematical instrument in quantum mechanics to study classical limits, for instance, as well as in other applied physical-mathematical sciences like quantum statistical physics, information processing and optics [1] [2] [3] [4] . It enables us to establish a one-to-one relation between quantum observables (Hermitian operators) and classical observables (real functions on phase space).
These functions are just the components of the Hermitian observables in a certain special basis in operator space. This basis (the Weyl -operators), in turn, is formed by a very unique set of operators which is parametrized by the points of classical phase space. We introduce here an intrinsic formulation of the WW theory, in the sense that we exhibit each of these basis operators as a simple ÿnite product of well-known quantum mechanical operators. This makes the whole theory much more compact and neat, so that certain generalizations, like, for instance, the extension of the WW theory to include ÿnite-dimensional systems becomes a straightforward task.
In the next section, we use a notation di erent from usual so that we can describe intrinsically the Fourier transform operator which plays a central role in our "coordinate free" deÿnition of the Weyl -operators. In Section 3, we state our intrinsic deÿnition for the operators and we are able to show some new mathematical identities. In Section 4 we use our approach to discuss an extension of the WW theory that includes ÿnite-dimensional systems. We end with Section 5, where we state some conclusions and make some closing remarks. In the appendix, we prove some mathematical identities used in the paper.
The Fourier transform operator
Let |q(x) and |p(x) be a complete set of eigenkets of the position and momentum operators These continuously indexed bases can be rigorously deÿned in the Rigged-Hilbert Space approach to quantum mechanics [5] . Notice that we use a notation di erent from the usual as we distinguish the "type" of the eigenstate, q or p, from its continuous R-valued eigenvalue x. The symbol q(x) inside the bras and kets is not to be understood as a function but as a label for a position eigenket with eigenvalue x. That is, given any abstract physical state-vector | representing the state of the non-relativistic one-dimensional motion of a single particle, its wave function in the position representation is given by (x)= q(x)| . This contrasts with the usual notation (x)= x| .
For example, our choice of notation permits us to write down a compact formula for the unitary Fourier transform operator that would not be possible in the usual notation
In fact, we see that
The F 2 operator is then, nothing more than a =2 radian rotation in phase space, so it is just the space inversion operator. We can easily see that
so that the eigenvalues of F are the fourth roots of unity. In fact, it is well known that (see Ref. [6] for instance) F|n = (i) n |n where {|n }; (n = 0; 1; 2 : : :) (2.8)
is the complete set of eigenstates of the number operator
where, of course,
is the usual annihilation operator. Given a state | the wave function associated to this vector is
so that its Fourier transform is
The number operator is the generator of rotations in phase space. The best way to see this is within the complex coherent state representation. In fact, if we identify the phase plane with the complex plane by z = x + iy and |z = D[z]|0 ; (2.13) where q = x √ 2 and p = y √ 2 are the canonical variables of the phase space plane and
is the usual Weyl Displacement operator in complex representation with the vector |0 as the ground state, that is
then it is not di cult to show the well-known result (see Ref. [7] )
The e iÂN operator is sometimes called the fractional Fourier transform [8] .
3. The intrinsic Weyl-Wigner operator
The translation operators
Let U and V Á be, respectively, the unitary abelian representation of translation operators in the momentum and position spaces. Then
together with
and also
They are well known to be generated by the momentum and position observables V Á = e iÁP and U = e i Q :
Either from the Baker-Hausdor -Campbell (BCH) lemma or by acting on the position or momentum basis with these translation operators (Eq. (3.1)) one can easily derive the so-called Weyl commutation relation [9] 
and we also have the commutation relations between the translation operators with the Fourier transform and the square of the Fourier transform operator:
from which we have
The above equations are very important for our discussion in Section 3.3.
3.2. The Dirac "bra" and "ket" notation for operator space
The bra and ket notation of Dirac is so good in exhibiting explicitly the Hermitian linear algebraic structure of quantum vector spaces that we desire to extend it to operator space. Let us denote as W the quantum space of states and T 1 1 (W ) (the ( 1 1 ) type tensors deÿned on W ) for the space of linear operators acting on W . We may introduce an Hermitian inner product in T 1 1 (W ) in the following form [10] . Let the elements A; B; C; : : : of T 1 1 (W ) (which of course is also a vector space) be written as |A); |B); |C); : : : so that we can deÿne the Hermitian inner product as
The T 1 1 (W ) space has an additional algebraic structure which makes it an operator algebra. In fact, we have the product
where AB is the usual operator product of A and B. Note that the "dual" of an element A = |A) is the adjoint operator A † = (A|. We can, in this way, identify the elements of T 
We will usually not mention explicitly the inclusion map. For instance, we may write the identity operator I in any one of the three forms below
Let {X ( )} be a set of operators indexed by a continuous-valued parameter
We say that this set is complete if
where d ( ) is an appropriate measure and we say that the set is orthonormal if
For instance, consider the family of operators |q(x) p(y)|, which we shall denote by |x; y). Then we can prove that this set is "complete" and "orthonormal" in operator space.
Note here that is a point of R 2 . In fact, it is straightforward to show that (using Eq. (3.8)
We may also show that
In fact, using the resolution of the identity operator, we have
Thus, we are able to prove the completeness relation
In fact (we use Eq. (3.14) below)
With these results, we can state the following important lemma:
Lemma 1. Let {X ( )} be a complete (or overcomplete) family of operators on W indexed by a continuous-valued parameter with measure d ( ). Then
Proof. By using the above results and by inserting judiciously the resolution of identity in W ; we get
The operator
We may deÿne now the intrinsic WW operator as a set of operators parametrized by the points of the classical phase plane
In fact, from Eq. (3.7), we see that the WW operator deÿned this way is Hermitian † (p; q) = (p; q) (hermiticity) :
It also has unit trace
which can be computed easily in the position basis
The set { (p; q)= √ 2 } can also be shown to be orthonormal
In fact, the relation above can be proved by using the next two equations. The ÿrst identity is the product formula for the WW operators ). This formula can be easily seen to hold by using Eqs. (3.5) and (3.7). The second one is the "squared Fourier transform" of the WW operator
which may again be computed in the position basis
We used above the well-known integral representation for the Dirac "delta function"
The completeness relation is
In fact, in coordinate representation
As we saw in the preceding subsection, we can write the above completeness relation as
Some other (not so well known) identities of easy veriÿcation from the intrinsic deÿnition (Eq. (3.17)) are 2 (V ) = 4I ; (3.24)
At this point, it should be worthy to stress that the WW operator deÿned in Eq. (3.17) is completely equivalent to the usual formalism. In fact, by inserting a convenient identity operator we obtain
which is one of the deÿnitions for the operator commonly found in literature (see Ref. [1] for instance).
At this point, we may introduce the WW transform of an arbitrary operator A !{A}(p; q) = ( (p; q) | A) = a(p; q) : (3.27)
As one can see, the WW transform of an arbitrary operator is just the component of the operator as projected over the -basis, so it is, in general, a complex function on phase space. But the transform of an Hermitian operator is a real function on the phase plane. Classical observables are real functions deÿned on phase space, like energy and momentum for instance, while quantum observables are represented by Hermitian operators on Hilbert Space. Thus, one may say that quantum observables are mapped to classical-like observables. We should not take this interpretation too literally, though. This mapping is one-to-one, and so these classical functions do preserve all the quantum mechanical information of the Hermitian operators, and in this way, they are not expected to respect all the usual classical properties. For instance, it is well known that the transform of a quantum mechanical density matrix is not, in general, a positive-real-valued function, though its analogous classical density function is, of course, a positive probability distribution over the space of classical states. However, the projections of the WW transform of the density matrix corresponds to positive-deÿnite probability distributions in position or momentum and the Husimi transform, which is a smoothing of the WW transform, is also a positive-deÿnite function on phase space [11] [12] [13] .
The WW transform can be easily inverted
and the Hermitian inner product can be written in a "phase space" representation:
where a( V ) means the complex conjugate of a(V ). Probably, the most important (and well known) property of the WW transform is the one stated in the theorem below (and proved in the appendix) which implies that (in the˝→ 0 limit) the quantum commutator goes to the correct corresponding classical Poisson bracket. (The main references for this subsection are Refs. [4, 16, 10] .) The subject of "ÿnite quantum mechanics" was widely developed by Schwinger in the 1960s [10] , though pioneered by Weyl in the early days of quantum theory [9] .
It is, in many ways, a very close analog of the usual quantum mechanics of inÿnite-dimensional state spaces spanned by continuous-indexed basis like the position and momentum eigenvectors. In this subsection, we review brie y this formalism, mostly to standardize notation and to push the analogies as far as possible.
Let W (N ) be an N -dimensional quantum space spanned by an orthonormal basis {|u k }; (k = 0; 1; 2; : : : N − 1), i.e., (We use from now on, the sum over repeated index convention, unless we explicitly mention the contrary.)
This basis plays the role of a ÿnite set of "position states", where the position eigenvalues take values in the ÿnite ring Z N = {0; 1; 2; : : : N − 1}. We may introduce the unitary translation operator that acts cyclically upon these states
This means that V N = I , so that its eigenvalues must be the N th roots of unity
3)
It can be shown that the {|v k } eigenstates also form an orthogonal basis (which we shall interpret as the discrete "momentum states"):
It can also be shown that the overlap between both basis is given by
where the above ÿnite symmetric matrix is
Note that, in the above equation, the upper index plays a double role. It represents at the same time a contravariant index of the v j k matrix and it also represents the jth power of the v k eigenvalue. We will be using this kind of notation from now on.
We can deÿne a translation operator for the momentum states as we did with the {|u k } position basis
It happens that the original position basis turns out to be the eigenstates of U with the same spectrum of the momentum states
By applying di erent powers of the translators over one of the above basis they are easily seen to obey the well-known Weyl commutation relations
We can now deÿne the ÿnite Fourier transform (FFT)
which is a unitary operator that takes the position basis {|u k } to the momentum basis {|v k }:
F|u j = |v j and F|v j = |u −j : (4.11)
Its matrix elements are surprisingly the same in both bases:
The unitarity of F means that
(remember that the index set is the ÿnite Ring Z N , so that −k is the same as N -k).
In a perfectly analogous way with the continuous case, the FFT obeys the following properties (Sections 2 and 3):
We can introduce in the same way we did in Section 3.2, a Dirac notation for the space of operators in W . We deÿne the inner product in T 
|A):|B) = |AB) : (4.17)
We can also identify, in the same way, elements of T Let {X ≡ |X )} be a set of operators indexed by a ÿnite set of N 2 elements, i.e., the dimension of T In fact, we have
To prove completeness, we will consider ÿrst the following result. For all A ∈ T which can be computed easily
so that indeed
If {X } is a complete set of operators, then
In fact, In fact,
Note that it makes since to "invert" the element 2 ∈ Z N , between N is odd. In fact, using the "Fermat-Euler theorem", we have explicitly [4, 10] which leads to the completeness of the set
In fact, from the cycle property of trace, we have for all operators A tr 1 √ N mn :A:
By taking the inner product of |I ) with Eq. (4.31) and using Eq. (4.28), we may derive the following expansion for the identity operator:
Let us deÿne now the ÿnite WW transform of an arbitrary operator A as
which can be inverted
We can easily compute the inner product of two operators A and B if we know their transforms a mn and b mn :
(Notice that a mn = a mn in general, but for any Hermitian operator A, we have a mn = a mn .)
Introducing a "vector notation" for ÿnite phase space (as we did for the continuous case) we can write the product of two operators (using (4.9) and (4.15): The ÿnite squared Fourier transform of the operator can be found by the product at the right of Eq. (4.32) by pq F 2 together with some index manipulation
The N 2 pq operators form clearly a complete set of orthonormal generators for the complexiÿed algebra u(N ) of the Lie-group of unitary transformations of W (N ) (for odd N ).
The structure constants of U (N ) may then be computed in this basis. In fact, using again the vector notation we arrive at the following commutation relations (see also Ref. [7] ):
The sum here is over the "collective" indexz, and the structure constants 
Even-dimensional spaces
We can partially extend this formalism to even dimensional spaces in the following form.
Let us start deÿning N 2 unitary operators over W (N ) in the following way (This procedure can be carried out both for even and odd dimensional spaces, but it will be equivalent to the preceding discussion for odd N .):
We redeÿne these operators by a phase
In the complex phase v mn=2 , the index mn=2 means the Z N elements 2 −1 mn if N is odd. This is because, for odd N , Z N is a ÿnite ÿeld and any element of Z N has an inverse [14] . However, for even N , we establish the following convention. The complex phase v mn=2 will be deÿned uniquely by the exponential e imn=N where m and n are the unique representatives of the Z N ring between 0 and N . This must be done because the above exponential is clearly not a mod N invariant. In this way, the S mn operators are well deÿned for both even and odd-dimensional spaces. From Eq. (4.9) we see that
Let us compute the trace of X mn explicitly:
The In fact, we have
from where we can derive by a straightforward computation the completeness for the operators:
The unit trace property follows directly from Eq. (4.45), so these are all common properties both for even-and odd-dimensional spaces. On the other hand, the fact that the square of the operator is the identity operator (Eq. (4.30)) is shared only by the odd-dimensional case. As a counterexample, let us take N = 2. In the {|u 0 ; |u 1 } basis, we may compute explicitly 00 = 1 2
The square of these operators are not even proportional to the identity operator as can be easily veriÿed. From an algebraic point of view, this is an advantage for odd-dimensional spaces. For odd N , we can exponentiate the operators in a simple form:
Unfortunately, there is no such simple similar equation for even-dimensional spaces.
Closing remarks
We have carried out a brief review for the Weyl-Wigner (WW) transform theory and presented it in a slightly di erent manner than usual. To accomplish this, we have introduced ÿrst, an intrinsic deÿnition of the Fourier transform operator making it possible to exhibit a "coordinate-free" formula for the WW operator basis itself. This permits us to (besides greatly simplifying the whole formalism) show some new algebraic identities related to the operators. A coordinate-independent formulation of the WW representation has also been presented in Ref. [13] . The author there delivers an extensive and deep account of the WW representation in a geometrical semi-classical perspective where the translation and re ection operators in phase space are introduced in an algebraic structure which is largely explored to construct the WW representation leading to a path integral formulation of the Weyl propagator. We believe that our approach is also a very good frame to study a ÿnite dimensional system generalization of these "classical-like" mathematical structures of quantum phase space. In fact, in the ÿnite case, we have seen some striking di erences between the structure of these systems depending on whether the underlying quantum vector space is of even or odd dimension. Some other kind of "anomalies" for even-dimensional spaces have been reported by us before [6] (see also Ref. [15] ). Here also we must point out Ref. [16] where the authors have also translated the WW theory to ÿnite dimensional systems where the distinction of even-and odd-dimensional spaces is analyzed in terms of the geometric support of the re ection operators. It is our intention to return to this speciÿc subject in a future work [17] .
It is interesting to note that, for ÿnite spaces, the operators form a special basis of generators of the u(N ) algebra. Following this idea, one may try to re-interpret the -basis for the usual continuous inÿnite dimensional theory as a set of generators for some kind of a "u(∞) algebra". These formula for the ÿnite WW operators have also been derived in Ref. [15] in a quite di erent approach. In a certain sense, one may say that our procedure is the inverse of theirs. Here, we have started with a deÿnition that is a direct analog of the continuous inÿnite-dimensional case, which we developed in Sections 2 and 3. There, the authors work with a angle-angular momentum interpretation. They have started with a list of properties that they expected to be a sensible deÿnition for a ÿnite-dimensional WW operator and they have shown that it leads to a WW operator that is equivalent to the one we have just presented. Besides all this, the intrinsic formula for the WW operators is also essential to build a q-deformed generalization of WW formalism that we report elsewhere [18] . where the "arrows" over the di erential operators in the exponential indicate which phase space function they act upon.
